THE BACKLUND TRANSFORMS OF PETERSON'S DEFORMATIONS OF 

QUADRICS 



ION I. DINCA 



Abstract. In trying to provide explicit deformations of quadrics the starting point of our investi- 
gation is to use Bianchi's link between real deformations of totally real regions of real paraboloids 
and various totally real forms of the sine-Gordon equation coupled with Bianchi's simple obser- 
vation that the vacuum soliton of these totally real forms of the sine-Gordon equation provides 
precisely Peterson's deformations of such quadrics in order to derive explicit Backlund trans- 
forms of Peterson's deformations of quadrics. Based also on Bianchi's approach of the Backlund 
transformation for quadrics via common conjugate systems and in analogy to the solitons of the 
sine-Gordon equation corresponding at the level of the geometric picture to the solitons of the 
pseudo-sphere we propose a model for the solitons of quadrics. 
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1. Introduction 

During the years 1899-1906 the theory of deformation (through bending) of general quadrics got 
the attention of geometers (mainly Bianchi, Calapso, Darboux, Guichard, Peterson and Ti^eica); as 
a consequence of their results the classical differential geometry of surfaces underwent a fundamental 
change. This theory culminated with Bianchi's discovery in 1906 of the Backlund (B) transformation 
for general quadrics and the applicability correspondence provided by the Ivory affinity (ACPI A). 
However no explicit examples of deformations built on Bianchi's approach exist in literature except 
mainly for the solitons of the (pseudo-)sphere. As any other integrable system one method to 
produce explicit solutions is to begin with the vacuum soliton as seed and build its B transforms. 
However in our case another seeds (namely Peterson's deformations of quadrics) will be amenable 
to explicit computations of their B transforms. The starting point of our investigation is to use 
Bianchi's link from ([1], ch VI) between real deformations of totally real regions of real paraboloids 
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and various totally real forms of the sine-Gordon equation coupled with Bianchi's simple observation 
that the vacuum soliton of these totally real forms of the sine-Gordon equation provides precisely 
Peterson's deformations of such quadrics to derive explicit deformations of quadrics. 

The condition that a conjugate system (that is the second fundamental form is missing mixed 
terms) on a quadric is common to a Peterson's 1-dimensional family of deformations of the quadric 
is projective invariant; also the condition that the lines of coordinates are planar is a projective 
invariant. On the complex unit sphere such conjugate systems with planar lines of coordinates 
are given by orthogonal systems of circles, that is the axes of the two pencils of planes containing 
the circles are polar reciprocal with respect to the sphere; according to Bianchi this condition is 
projective invariant, so it is valid for all quadrics. For general quadrics when one of the axes is a 
principal axis for the quadric one can derive explicit formulae for Peterson's 1-dimensional family 
of deformations of quadrics. 

The starting point of Bianchi's investigation was results of Galapso, Darboux and Servant ac- 
cording to which for any real deformation of a totally real region of a quadric the conjugate system 
common to the deformation and quadric (any two surfaces in a point-wise correspondence admit a 
common conjugate system) is isothermal-conjugate system of coordinates on the deformation (that 
is the second fundamental form is a multiple of the identity, modulo some signs as required by 
curvature and signature of the ambient space considerations): he introduced as an auxiliary vari- 
able a (hyperbolic) angle. According to Bianchi the (hyperbolic) angle between one of Peterson's 
conjugate system lines and one of the lines of the isothermal-conjugate system is a solution of some 
totally real form of the sine-Gordon equation for general real paraboloids: this is the geometric 
link between the sine-Gordon equation and totally real deformations of totally real regions of real 
paraboloids. 

Note also that Galapso in ^ has completed Bianchi's approach of the B transformation of 
deformations of 2-dimensional quadrics via common conjugate systems from paraboloids to quadrics 
with center (QG), but his approach for QG is different from Bianchi's outline. The condition that 
the conjugate system on a quadric is a conjugate system on one of its deformations was known to 
Galapso for a decade, but the Backlund transformation for general quadrics via the Ivory affinity 
eluded Galapso since the common conjugate system is a-priori best suited for the B transformation 
only at the analytic level (which makes it also the best suited tool to provide explicit examples). 

In what concerns totally real deformations of totally real regions with positive linear element 
of real paraboloids our main result is to put Bianchi's machinery to work to churn out explicit 
formulae for the B transforms of Peterson's deformations of such quadrics up to including the third 
iteration of the B transformation. 

In what concerns totally real deformations of totally real regions of other quadrics our main result 
is to complete Bianchi's elegant approach of the B transformation via common conjugate systems 
and then use this to churn out explicit formulae for the B transforms of Peterson's deformations 
of such quadrics up to including the third iteration of the B transformation. Galapso's approach 
from ^ (another completion of Bianchi's approach of the B transformation via common conjugate 
systems to general quadrics) is similar in the main ideas to Bianchi's approach but different in 
the fact that he uses only the common conjugate system, without paying attention to the change 
from the initial conjugate system common to a Peterson's 1-dimensional family of deformations of 
quadrics. The totally real forms of the sine-Gordon equation are replaced for quadrics with center 
by another equation 

Once a case of a general QG (the general case) being solved, all other complex types of quadrics 
should be amenable to explicit computations of the B transforms of Peterson's deformations of such 
quadrics by similar computations. Since multiplication by i exchanges both the signature of the 
totally real surface and of the ambient Lorentz space, from a totally real point of view one needs 
only discuss deformations e = ±1 of quadrics with positive linear element (there are 

for example isotropic quadrics without center that cannot be realized as real quadrics, but admit 
real deformations) and deformations in x iM. of quadrics with linear element of signature (1, 1). 
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The deformation problem for positive definite linear element is elliptic for real deformations of 
surfaces of positive Gaui3 curvature and for totally real deformations in Lorentz spaces of signature 
(2, 1) of surfaces of negative Gaufi curvature and hyperbolic otherwise. 

Thus for the hyperbolic sine-Gordon and sinh-Gordon equation the seed and the leaf will admit 
asymptotic lines and will be applicable to the same totally region of the real quadric; for the elliptic 
sine-Gordon and sinh-Gordon equation the seed and the leaf will not admit asymptotic lines and 
will be applicable to different totally regions of the real quadric (the applicability becomes ideal 
in Peterson's denomination); one needs composition of B transformations to get back surfaces 
applicable to the initial totally real region. 

In what concerns the solitons of quadrics we take as model the fact that the solitons of the 
sine-Gordon equation (with the (vacuum) 0-soliton lo — 0) correspond at the level of the geometric 
picture to the 0-soliton being the axis of the tractrix (thus it is a degenerate surface) , the 1-solitons 
(B transforms of the 0-soliton) being the Dini helicoids (which include the real pseudo-sphere) and 
thus one can find the n-solitons, n > 2 by explicit formulae via the Bianchi Permutability Theorem 
(BPT). 

Based on this model the 0-soliton should be a degenerated surface (curve or point) and one must 
be able to explicitly compute the 1-solitons (B transforms of the 0-soliton); after that the rt-solitons, 
71 > 2 will be amenable to explicit computations via the same BPT. 

2. Totally real forms of the sine-Gordon equation and their solitons 
Consider the classical hyperbolic sine-Gordon equation 
(1) — ^uiL = cos w sin w 

in conjunction with real deformations a; C M"^ of the pseudo-sphere (it represents the Gaui3 equation 
in Chebyshev coordinates {u + v,u — v) which are further asymptotes) and the classical symmetric 
Bdcklund (B) transformation ui — 5^1(^0), = Baai^i), ctq = ^o"! E M* 

(Ti sin(a-'i + ujq) + a^^ sin(a;i — cjq) 
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CTi sm{uji + ioo) - cr^ ^ sin(wi ~ ujq) 

(2) u;iu - ujQ^ = , 0^1 

of its solutions together with its 1-solitons ljq — 0, loi — ±2tan~ e 2 "-1 2 ci G M 

and Bianchi Permutability Theorem (BPT) 

tan = tan lor lui = Bc^(ujo), ^2 = ^^^^(wo), 

Z (72 — (Ti Z 

(3) O BcTj^iuJo) = Bcr^iiOl) = = Bai{u02) = -B<Ji o Ba^{uoa)- 

Note that ([3]) admits the complex conjugate (72 = cti G C \ M, ^2 = '^i C C, W3, wo C K version; 
with certain rationality conditions one obtains at the level of the geometric picture breathers. 

Note also that as it was pointed out by Bianchi when he originally introduced his BPT in 
1890 the BPT does not exclude the case CT2 = (7i as being the trivial = wo, but allows it as 
a limiting case (72 — ^ ai and an application of L 'Hospital; for example for 2 solitons if we let 

C2 — C2{a2), C2((7i) — ci, d^ipx) = then tan ^ = (p-^^^^u + v + c) sintJi depends on 

two constants c, c\ besides the spectral parameter <j\ , as expected (the B transformation should 
introduce one constant besides the spectral parameter). 

In order to assure that further n-th iterates Mn of the B transformation {moving Mobius configu- 
rations in Bianchi's denomination) give the same result independently of the chosen path of compo- 
sition of the B transformation we need to check only for the third iteration. This is to be expected, 
since by discretization the B transformation corresponds to the first derivative, the BPT (A^2) 
corresponds to the commuting of second order derivatives (roughly the Gaufi- Weingarten equa- 
tions or equivalently the flat connection form condition) and the third Mobius configuration Ai^ 
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corresponds to the commuting of the third order derivatives (roughly the Gaufl-Codazzi-Mainardi- 
Peterson (GCMP) equations; as we know there are no conditions beyond the GCMP equations for 
a surface). Moreover the BPT with a leg of the Bianchi quadrilateral infinitesimal precisely de- 
scribes the B transformation and thus the BPT encodes all necessary algebraic information needed 
to prove the existence of the B transformation and similarly the third Mobius configuration encodes 
all necessary algebraic information needed to prove the validity of the BPT. 

Since the odd A^2n+ij n > Mobius configuration does not depend on uiq we can use = to 
get Ms 



173 (72 



(Tl (73 



(72 CTl 



Note again that we can have (72 = cti G C \ M, cr^ £ R, uj2 = uii C C, uj4,uJr C M. 

Note also that unlike the BPT the Ala configuration is symmetric in all variables (it has the 
symmetries of a regular tetrahedron) . 



(cj7,a;^) 



(W4, x'^) 




(w2,a;2) 




(^^3,2;^) 



(c^o,x°) 



{UJ1,X^) 



Similarly by considering purely imaginary uj = i9 in the sine-Gordon equation we have the hyper- 
bolic sinh-Gordon equation 



(4) 9vv — Ouu = cosh 9 sinh 9 

with the symmetric B transformation 9i = Bij-^{9o), 9o ~ Br,^(9\\ (To = — <ti G 

(Ji sinh(6'i + ^o) + crf^ sinh(6'i - 6*0) 



(5) 



(71 sinh(6'i 6*0) - (7i ^ sinh(6'i - 6*0) 



, 4-> 1 



of its solution together with its 1-solitons 6*0 = 0, 9\— ±2 tanh ^ e 2 ^ "+ 
- 1< tanh(6li) < 1, BPT 



-u+ci 



ci e 



, 1 1^3 — 0'2 + O"! «2 

tanh = tanli ■ 



- for 6*1 = B, 



0-1 



= B. 



(6) 



2 (72 - (71 2 

o Ba,{9a) = B,,{9i) = 9^ ^ 5^,(^2) = B„, o B^,{9a) 



and third Mobius configuration Ai^ 
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0(^-^) + (e« 

(7l (73 



94 + 0V^(^^ _ ^) 



0. 



(72 (7l 

Note that ([6]) admits the complex conjugate (72 = (7i e C \ M, ^2 = ^1 C C, 9^,90 C M. version and 
we may also have (72 = cti e C \ M, (73 e M, 6*2 = ^1 C C, 6*4, 6*7 C M. 
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Similarly by considering purely imaginary coordinate u in the sine-Gordon equation we have the 
elliptic sine- Gordon equation 

(7) LOyy + LUuu = COS Lu sinw 

and by considering purely imaginary coordinate u and purely imaginary uj — i9 in the sine-Gordon 
equation we have the elliptic sinh-Gordon equation 

(8) + 6'ii„ = cosh 6'sinh 6* 

with the symmetric B transformation 0i — B„^(ujq\ loq — i?o-o(^i)i ctq = ^o"! G 

CTi sin(i6'i + LJo) + erf ^ sin(i6'i - o^o) 
i9xv - «o„t^o = ^ , 

la \ '^i sin(«6ii -)- Wn) - crf^ sin(i6li ~ uj^) 

(9) iduiiOi) - t^o-u = ^-'^ , 0^1 

of their solution together with its 1-sohtons loq = 0, Oi = zb2tanh~ e 21 ^+ 2 ^+ci^ ^ 



-1 



- 1 < tanh(6li) < 1; 6lo = 0, uji = ±2tan"i e~ ''2? v+ci ^ ^ gprp 

tan = I tanh — - — for Oi = B^^(ujo), 02 = B^^iLOQ), 

I (J2 ~ 0\ ^ 

B,, o B,, (luo) - B,, (Oi) = - (^^2) = o B,, {loo), 

.,^3-^0 .cr2 + cri. u fa \ a fa \ 

tanh = -I tan tor uji ^ iJ^ilc^o), t^2 = i^crslc^o), 

Z (72 — Cl ^ 

(10) B,, o B,, {Oo) = B,, (wi) = 03 = S,,, (W2) - B,, o S,, (0o) 

and third Mobius configuration 

(e^.+e^ „ efi+ev)(^ - -) + (e''^+''^ - e'-+'^)i^ - — ) + (e'^+'^ - e«*+''^)(^ - — ) = 0, 

(73 (72 (Tl (73 (72 (7 1 

173 (72 CTl (73 (72 f7i 

Note that pH]) admits the complex conjugate CT2 = cti € C \ M, 6'2 = — C C, cj3,[x)o C M; ^2 = 
— (Di C C, 6*3, 00 C M version and we may also have (72 = G C \ M, (73 e M, 02 = — 0i C 
C, 04, 6*7 c R; t^2 = -Ojx e C, tJ4, ^7 e M- 

3. BlANCHl'S BACKLUND TRANSFORMATION FOR REAL QUADRICS VIA COMMON CONJUGATE 

SYSTEMS 

3.1. Real deformations of (the imaginary region of) the real hyperbolic paraboloid. 

Consider the general confocal real hyperbolic paraboloids in an isothcrmic-conjugate parametriza- 
tion invariant under the Ivory affinity between confocal quadrics 

Xz — Xz{a,/3) :— [y/ai — za \J—a2 + z\fefi ^ ai > z > > 02, 

- a^^ = 1, q;,/? G E, e = ±1, ta^a{^ - f?a^'^ + e > 

(the case > z > (Z2 is realized by a rigid motion (ei, 63) (e2, —63) and we have imaginary region 
for e = — 1) with positive definite linear element, second fundamental form and Christoffel symbols 
of xq: 

|c?a;g|2 = a^do? - ea2(i/3^ -|- [oida - efidfif; N^d'^Xo = ^fe , H e — + e; 



/iJ ai 02 

-erL = r}i = (log Vi/)a, -er?, ^ r^^ = (log Vi?)^, = r?2 = o 

We have the GCMP equations 

52p[(rfi)2 - (r?,)i + V\^V\^ - V\^V\^\ = i?i212 = /»ll/»22 - /i?2, 
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(^12)1 — {hll)2 + r"2/lml — r"5^/lm2 — 0, (/ll2)2 — (^22)1 + r7^/i„i2 ~ ^22^ml — 0. 

We have a distinguished tangent vector field Vq :— e{log^/lI)aXoa — (log Vi/)/3a;o/3; it has the 
properties |Vop = 1 - -i-, Vjxoa = ea, Vj a;o/3 = -/3. 
Note also that the condition 



(11) 



\^ 11 , M 
/ill 



/pi ^11 N 

(.J- 227— j/3 

n.22 



op2 pi 



that (a, /?) is common to an 1-dimensional Peterson's family of deformations a; of xq is satisfied. 

Given a real deformation x C M'^ of a real region C xq (that is e = 1) there exists a conjugate 
system (m, v) common to both xq and x (this is true for any two surfaces in a point-wise correspon- 
dence) . Denote with ~ the quantities of interest in the GCMP equations (namely the Christoffel sym- 
bols and the second fundamental form) of xq referred to the {u, v) coordinates and similarly with ~ 
those of X. We have auCty—fiuPv = and from the Gaufi equation (a^— /32)(a^— /3^) < 0; assume (by 
changing u and v if necessary) — > 0. With A := sgn{au) \/ a^^ — A* •= sgn{Py)^/P^ — al 



we have hn 



fel symbols ^fl^^ - 



/122 = 



*22 - 7J? 
W ' Iw^^^k we get fl,a^ 

a™-Ai2(log%/;^)„, fl2Pu+Tl2(3v = Pvv^-^ 

(log(/iVi?))., fi 



From the general formula for the change of Christof- 

-|- r^2Q!'U — O^uvj r|2/3M -|- Vi2l3v = 

f3uu- XH^Og VH)f3, 
1 



- 22h 



f 1 



r 



fiHlogVH)^, soT\2 = (logA)„, 



(iog(AVi?))u, rli = ^(lo, 

equations of xq, x we have 

(^ii)-u — ri2^ii 

(^22)« — ^12^22 



p2 
^ 22 



(log 



22^u 

-- (logAi)u, fn = 
From the CMP 



rii/i22, (/iii)u — rjj^ii ~ rii^22, 

1^22^11; (^22)11 = f ^2^22 ~ f 22/111- 



Keeping account of the GauB equation ft.11ft.22 = ^11^22 one can multiply the first equations respec- 
tively with ftii, /i22 (and the second equations respectively with ft22, ftii), subtract them and get 
rid res_pectiyely of the f^i^ f^2 terms: (log(ftfi - ft?i))i, = 2(logA)„, (log(ft^2 - ^22))« = 2(log^)„. 
Thus ftf]^ — ftf]^ = (/)(u)A^, fti2~^22 = 'P{'^)f^'^j after a change of the u and w variables one can absorb 
4>{u), ip{v) up to opposite signs ei :— ±1, £2 — ~ei (here we have again from the Gaufi equation 



ftii > ftii <^ ^22 < ^22)- We have ftii = ftii - eiA^ = ^ ~ '^i 



ft2 

"•22 



'''22 



eiAi 



M'(^ + ei); 



from the Gaufi equation ftiift22 = ftiift22 we get H = — ei/i^ -I- eiA^; by performing, if necessary, 
the change {a,u) <-> {(3,v) we can choose ei := —1. Thus the second fundamental form of x is 
H = fj.^ — A^ and we are led to consider the hyperbolic angle 9 between the conju- 



l&te systems {a, (3) and (u,w), that is 



AC 
AS 



C := cosh6', S := sinhfl (note 



that by doing this the sign of 9 is decided by that of jdu)- Imposing the compatibility conditions 
(AC)„ — (/iS)i,, (AS)^ = (mC)« we get /j,„ = \9y, At, = /i6'„; differentiating H — fi^ — with 
respect to u, respectively v we are led to consider the hyperbolic sinh-Gordon equation (jj]) as the 
compatibility condition of the completely integrable linear system in a, (3, A, /j,: 



(12) 



a 




a 




X 









(-C^ 

V ai 

X9„du 



XCdu 
XSdu - 

- (S^ - 

^ ai 



- fiCdv 

^,6y)du -\- fj.9udv 

- + X9^)dv . 



^i'-x' 



H. 



Note that a solution 6* of ([U will produce an 1-dimensional family of deformations x of xq (from the 
original 4-dimensional space of solutions of the differential part of the prime integral property 
fi^ ^ X^ = H removes a constant and translation in u,v another two). The condition that an 
1-dimensional family of deformations x of xq with common conjugate system is of Peterson's type 
(that is (fTTj) is satisfied in the {u, v) coordinates) is invariant under changes of variables {u, v) into 

6 



themselves; in our case we need (log^)„t, = 0, but this adjoined to wiU be over-determined; 
as we shall see later the condition (log ^)uv — will be preserved by the B transformation. 

Note that if we assume that the common conjugate system on xq, x is isothermic-conjugate on 
X (Darboux), then from the Gaufi equations we obtain immediately that the second fundamental 
form of X is V(f^^^^i^£_J. . everything else except Au, H = jj? — follows immediately as 
previously. The remaining needed information follows immediately from the CMP equations of x: 
d{\og ^) = (f ^2 + f 22)c'm + (f la + f become dlog ^^-jf^ = 0; by a same honiothety in the 

(w, v) variables and a choice of sign we can assume ^^-jj — = 1. 

By similar computations if x C M"^ is a real deformation of an imaginary region C xq (that 
is e = —1), then with A := ±-\/a^ + /3^, ji :— zty^al + (3^ (the signs may vary when we shall 

H ^ fi^ + X^ 

and we are led to consider the angle lo between the conjugate systems {a, (3) and (m,w), that 
AC -^S' 



consider the B transformation) the second fundamental form of x is -'^^C'^^^'^'" ) 



cosw, S 



sinti). Imposing the compatibility conditions 

2 



a„ a 

[Pu I3v\ ~ [AS AiC_ 
(AC)„ = — (/iS)„, (AS)„ = (/zC)„ we get /z„ = \ujv, At, = —^oju] differentiating H — fi^ + with 
respect to u, respectively v we are led to consider the hyperbolic sine-Gordon equation ([T]) as the 
compatibility condition of the completely integrable linear system in a, /?, A, fj,: 

XCdu — fiSdv 
fj XSdu + fiCdv 2 2 

_ Xuj^du + (S^ - C£ -I- Xuju)dv 



a 




P 




X 









One can put everything in a matrix notation: with R 



C eS 
S C 



R-^Rudv + R-^Rydu, £ 



diag[c?w dv], V := 
diag[l — e] we have 



V 




RS 




V" 


A 




~5R-^A' n 




A 



[a A := [A , A' := diag[aj; 

the sine(sinh)-Gordon equation 

dAn^nAn = -sr-^a' a rs, R-^dR as-saq^o<^ 

el[{R-'^Ru)u - {R'^Rv)v + Rr^A'R]e2 - 
as the compatibility condition for the completely integrable linear system 

, A^£A = -V^£A'V-l. 

With R'^ -=12 — zA! consider two points Xg, x\ € x^ in the same totally real region of 
(corresponding to e = ±1) such that xjj, x\ are in the symmetric tangency configuration 

x\ e T.oxo ^x\=xl^ \xl^^ a^o^oK/RT^i - K,) ^ 

(14) (/RT^i - £{yfR!',yi - K,) = ^ 1. 

Thus a quadratic functional relationship is established between ao, /?o, cti, P\ and only three 
among them remain functionally independent: 

(15) dV;[£{^Vi - Vq) = -dV^E{^,Vo - Vi). 

Bianchi's main theorem on the theory of deformations of quadrics states (in our case) that given the 
seed deformation x° C of the totally real region Xq C Xq (that is \dx^\'^ = Irfxgp) the differential 
system 

(16) ^1 = + [xl^ xU^^V^ - l^o), \dx^? = \dxl\^ 

obtained by imposing the ACPIA jdx^p = M2;qP is completely integrable (thus it admits two 
1-dimensional family of solutions (leaves) x^ =: B^^eiix'^) C M.^, ei = ±1 whose determination 
requires the integration of a Ricatti equation), that x'^,x^ are the focal surfaces of a Weingarten 
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congruence (congruence of lines on whose two focal surfaces the asymptotic directions correspond; 
since conjugate directions are harmonically conjugate to the asymptotic ones all conjugate systems 
correspond in this case), that is applicable to Xq (in our case of the same totally real region 
of xq as Xg) and that we have the symmetry <-> 1. Its simplest proof uses parametrization by 
rulings, since they behave well with respect to the metric properties of the Ivory affinity and for 
the particular configuration x^ = x^ the leaves a;^ become rulings on Xz\ it appears elsewhere so 
we shall not insist on it here. 

Using pS]) we get by differentiating p6|) 

dx' = -edV^E{^,V^ - V^)V" + K„ 4o]V^zdVi 



+N"{N'f[dxl dxl^]{y^zV,-Vo), iV' 
so the ACPIA becomes 
(N 



ei 



■.dVj" 



{^,Vo-Vi), 



(17) 
Using 



-1 

1 

eo = ei = ±1, 0^1. 



dao 
a 



_dl3o 

A*o[(''iQ;i - q;o)Co 
Ao[(r2/3i-/3o)Co 
Ao[(riai - ao)Co 



So 

Ao 

e(r2/3i 
(riai - 
e(r2/3i 
(nai ^ 



5]) and pT|) we get with rj := Jl — za, , j = 1, 2 



- /3o)So] = ei[(r2/3o - /3i)ai« - (^'lao - ai)/3i„], 
ao)So] = ei[(riao - ai)Piv - (r2/9o - Pi)aiv], 

- /3o)So] = -[{riao - ai)ai„ - e(r2/3o - Pi)f3iu] 
ao)So] = -[(»'2/3o - Pi)f3iv ~ 4riaQ - ai)aiy]. 

If these equations are / — IV and using (r2/3i — /3o)^ — e(?'iai — cto)^ 
considering P — tllP, IV^ — elP, I II — III ■ IV we obtain a 

AiCi e/iiSi 



aiuaiy-ePiuPiv = 0, so 





aiv 
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4u 



AiSi 



/, // we obtain that the second fundamental form of x^ is ^^f^^'-'^^ 



— zHi > 0, then by 
e/3i\ > 0, Pf^ - ta\^ > 0, 

Because of the symmetry <-> 1 and using 

dv 



jj- , SO (u, v) is also isothermic- 
conjugate on x^ and the B transformation preserves the orientation of (u,v); from 11^ — ellP we 
obtain ^\ — e\\ = Hi and we have complete symmetry 0^1 also at the level of the isothermic- 
conjugate system (u,w). Thus 

ai = riao - e\y/z{Ci\(^ - eeiSi^o), Pi = ?'2/3o - ei\/i(SiAo - eiCi/zo), ej. 







1, or 



(18) 



'Vi 




72 




D 


-h 




'h 







Vo" 






£xR^^ 




A' 


D 







Ri£i 







D := 



= , 0^1. 



Finally differentiating Vi we obtain the B transformation at the analytic level 



(19) 

with diag['^^ 



dRiSi 



(Ti+cr, 



-RiSiflo - RiEiSR^^DRiEi + DRqS] 

-D£i this becomes the B transformations ([2]) respectively ([5]) be- 



2 2 J 

tween solutions ci'^i of llj and respectively 9q, ei9i of ([4]). 

The BPT states that if x^ = B^.^^. (x"), j — 1, 2, then one can find only by algebraic computa- 
tions and derivatives a surface x^ such that B, 



Bzueiix^), that is B^i^e^ o 



Bz2,e2 ° -Szi,ei- Again one can derive the analytic BPT for the B transformation of the hyperbolic 
sine(sinh)-Gordon equation from the geometric picture, just as we did for the B transformation it- 
self, but we take advantage of the already completed algebraic transformation of solutions to derive 
the BPT at the analytic level, following that we shall then use these analytic computations to get 
the geometric realization of solutions in space. 



We have 
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R^E2EiRq 
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Di 









RiEi 





'D2 -I2 
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A' D2 




R2E2 



Rz£i£2Rq^ = iDiR2EiE2Ri^ - D2){Di - D2R2EiE2Ri^y 



again this is just ^ and @ and for 6162103 (resp 6162O3) we have only two cases ei = ±62 in what 
concerns the dependence on ei, 62 because the BPT requires a Z2 co-cycle condition on these signs. 
We have the space realization 




-Fir5(/R^Fo-^i)Vo + [< 

-l/l)iVO, {Vi,Zi,6i)^{V2,Z2,62). 



For the configuration consider (I?iL>2)~M(^i " Dl)DiRiEi{DiRiEi ~ D2R2E2Y^ - i^i] = 
R3EiE2Ro^ = (Z?iZ?2)-MP?-^i)-D2i?2f2pii?ifi-^2i?2f2)-^-i?i], RzEiE^R^^ = Pi^3)-M 

(I?i-I?2)i^li?lflp3i?4£:3-i?li?lfl)-l-I?2]^ ReE2E3Ro' = p2i?3)"MPi-^i)^2^2^2(i?2i?2f2 



- D^RiEz)-^ - Dl]- thus with □ := (Z?2 - Dl)DiRiEi + (Z?i - D?)D2i?2f2 + - DDD^RaE^ 
we have (D2i?3£i£2i?o ^ ^ D^R^EiE^R^^)-^ RiEi ^ [[Dl - Dj){DiRiEi - D2R2E2y^ - (Dj - 
Dl){D3RiE3 - DiRiEi)-^]-^ = [DiRiEi - D2R2E2)^'\DzRiE3 - DiRiEi) and similarly 
{D3ReE2E3Ro^ - DiR3EiE2RQ^y^ R2E2 = - D2R2E2)^-^{D2R2E2 - D3R4E3). Now 

- Dl)D2R3EiE2Ro\D2R3EiE2Ro^ - i53i?5fif3i?o - - {DID2R2E2 - 

DlDiRiEi)U-\Dl - Dl){D3RiE3 - DMi) - D^D^RiEi = {DID2R2E2 - DlDiRiEi)U-^Dl - 
Dl){D2R2E2 - D3RiE3) - DID2R2E2 = £'2[(^i - Dl)DiR3EiE2Ro\D3ReE2E3R:o' - 
DiR3EiE2Rq^)^^ R2E2 ~ DIR2E2], so the very left hand side (Ihs) and right hand side (rhs) provide 
the good definition of and afford themselves the name DiD2D3R'jEiE2E3. Again these correspond 
to the A^3 configurations of the sine(sinh)-Gordon equations. 

Finally to get the first three iterations of the B transformation for Peterson's real deformations of 
totally real regions of the real hyperbolic paraboloid it is enough to give only aQ,(3Q,\Q, no and the 
space realization of everything else will follow according to the established algebraic formulae. 

For 6 = 1 and = we have ag = ao{u), Xq = Xq{u) = aQ(u), /3o = Poiv), fiQ = /io(t^) = 



P'oiv): 



Mo 



Peterson's 1-dimensional family x'^{ao, I3q, s 



— + 1 , so ao = \/ai sinh s sin , Bq = 



ftQ — /3q tanh sij' 



2 tanh ; 
2 



1 ('2m 



2m 



) sinh s 



02 



2v 



ai 



+ sinh 



02 sinh 



= )sinh2s]-^, s € (0,cx)) of real deformations of Xq 




and we have 



a;°(ao, /3o, 00) which preserves a 

conjugate system. 

For e = — 1 and ujq = we have ao = ao{u), Aq = Ao(u 

/3o(^^). -Mo - ^7 = Ao + ^ + 1, SO ao = V«i sinh s sin , /3o 
\J —a2 cosh s, u > and we have Peterson's 1-dimensional family ^"(ao, /i^o, s) 

Jv^coshs + ^SSh^^* — 2wn — \ - ii^Uv^+sin^jsmhs a2(^ 
" " „;„T,2 j; \„:„ur,„jT^ s G (0, oo) of real deformations of ^o 



/3o = /?o(«), Mo = Mo(w) 
a/— a2 cosh 5 cosh ,^ 



> 



-sinh ) cosh s 

V — 02 



(ai sin 

2 -]'^ which preserves a conjugate system. 
Note that one can begin with different Peterson's deformations as seed: we take the pencil of 
planes passing through the 63 axis; the other pencil of planes will be planes perpendicular on the 
63 axis. 

~ _ ~ _ - 2q rri 

Thus for e = 1 we have xq = xo(a,/3) := [y^e^cosh/J -y/— 026" sinh/? ^] with linear 



[y'aie- 

element, second fundamental form and Christoffel symbols 



|dxo| = e^"[(ai--a2)(cosh^dQ + sinh/3d/3)^ + a2(di 
sinh^ /3 + flj^i + = 0, f?2 = 1, 2~t\^ = 



^ 22 



T^2^„ _ -da^+df} 
(log -f ?! = f i2 = (log Vi/)5 



/5- 



<5u 






AC 


jlS 


Pu 


f3v_ 




AS 


jiC 



Again with A sgn(5;„)y - /32, /i := sgn(/3„)y/32 
cosh^, S := sinhfii we have {fi^,\^,H) = e^"{fi^ , H), so /i^ _ ^2 ^ /^^^ 

0, /l22 = 



H 



C : 

^12 



-i^, = (loge"A),, f?^ = (loge"/i)„, f?, 



^(log-^)., f^2 = f,(log-^)„. 



(20) 
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A 




.A. 





A^ 



Thus we get the differential system 

XCdu + flSdv 
XSdu + p,Cdv 
(Ce~2" — S sinh /3 cosh/3 + 0y)du + jlOudv 
XOydu + (-Se-2" + C sinh /? cosh ^ + ~X§u)dv_ 

with compatibility condition 

(21) - Ouu = (cosh 2/3 + 2e-2")SC. 

Note that we need further manipulation, since the dependence of 5,/? on (u,w) in pTjl is a-priori 
undetermined, but that it is not our interest right now, since we are interested only in the solution 
9 = Q. In this case we have a = a(u), A = X(u) = a'{u), f3 = ${v), jx = jl{v) = $'[v), /3'^(w) — 
sinh^ (3{v) = a'2(u) + e-25(«) + q-i = c. 

3.2. Imaginary deformations of (the imaginary region of) the real hyperbolic parabo- 
loid. 

In this case will be applicable to Xq of a different totally real region of xq as Xq, so the 
confocal x\ will change type from a real metric point of view. Thus we are led to consider the 
elliptic paraboloids 

+ e/32 + z 



, a2> z 



(the case z > ai is realized by a rigid motion (ei, 63) ^ (62, —63) and we have imaginary region for 
e = — 1) confocal to the given hyperbolic one Xq. The Ivory affinity 

l]a;o + f = [Voi - za - zi^/e/S £!ii^!±£]^ takes in this 



Xq 



diag[ J 1 



za. 



1 



case the real (imaginary) region of Xq to the imaginary (real) one of x^ 



If X C 



is an imaginary deformation of a totally real region C Xq, then by similar 



computations its second fundamental form is i 



\fj.{du''+dv'') 



, H = jj,^ + eX^ and we are led to consider 



H 



the elliptic sinh-Gordon equation ^ as the compatibility condition of the completely integrable 
linear system in a, A, fi: 

'al r XCdu + /iSrfw 

(3 _ XSdu + fiCdv 

^ > A ~ (C^-S£-M^.)rf" + MM^^ 

>tj yxOydu + (s"^ - c£ - xey)dv_ 

for e = 1 and the elliptic sine-Gordon equation ([7]) as the compatibility condition of the completely 
integrable linear system in a, /?, A, /z: 

XCdu — iiSdv 
fj _ XSdu + fiCdv 2 _ 

^ ^ ^ - iCf^ + S^+fiu;,)du~fiu;^dv ^ 



a 




f3 




X 









H 



for e 
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With ri 



-1 + za„ ^ we have 



1 — za^ J r2 :— Y ^ ' -^"2 

"^1=^0 + - ao)a;oQo + (-ef2/9i - Po)xo0g, x'^ = x° + (riai - ao)a;°^ + (-er2/3i - /3o)a;j3n, 

. ei(er2/3o - /3i) 

ei(riao - ai) ,.0 



/ \/ O!o , /^o ^ 



^^1 = -(e^2/3o - 



ao 



(^0 ■ 







(24) 



2,0 X ^0 

7V° °" !° C (^M)' x R, eo = ei = ±1, (0, e) ^ (1, -e). 



V-aia2-ffo 

We get (nai - ao)(7V")^dx^„ + (-er2/3i - /3o)(^")^dx^„ = I'-^^^^^^^^da, ~ ^^ltJ^^d(3,, 
or using ^ = - _|_ ^ _,s^|. + _ ^^jd^^ + (_,,,;3, _ ^)d;3o = 

e(riao - ai)dai + (er2/9o - /3i)dPi: 

l^o[{riai - ao)Co - e(-er2/3i - /3o)So] = ei[(e?'2/3o - Pi)aiu - {riao - ai)/3i„], 
Ao[(-e''2/3i - /3o)Co - (riai - ao)So] = -ei[(riao - ai)Piy - (er2/3o - Pi)aiv], 
Ao[(riQ;i - ao)Co - e(-er2/3i - /3o)So] = -[(''lao - + e(e''2/?o - /3i)/3iu], 

Ato[(-er2/3i - /3o)Co - (nai - ao)So] [(er2/3o - Pi)f3iv + e{riao - ai)ai.u]. 

If these equations are / — IV and using (er2/?o — Pi)^ + e(riao — ai)^ = —zHq > 0, then by 
considering P + ellP, IV'^ + elP, I ■ II - III ■ IV we obtain a?„ + e/??„ > 0, Pf^ + ta\^ > 0, 



ctiuCtiv + £Piuf3iv = 0, so 









AiCi 


-e/iiSi 


Plu 






AiSi 





Because of the symmetry (0,e) 



so 



(1, — e) and using /, // we obtain that the second fundamental form of is —i 

{u, v) is also isothermic-conjugate on x^ and the B transformation changes the orientation of (m, v) 

(at the level of the analytic computations this can be accounted by putting eg := — ei with A'^-'^ 

also changing sign); from 11^ — el 11^ we obtain iif — eXf = Hi and we have complete symmetry 

(0, e) <-> (1, — e) also at the level of the isothermic-conjugate system {u, v). Thus 

"1 = riao - ei\/^(CiAo + eeiSi/io), /?! = er2Po - ei\/^(SiAo - eiCi^o), (eo, £0) -(ei, e'l), 

(0,e)^(l,-e). 

Finally differentiating these with respect to u, v we obtain that the B transformation ^ be- 
tween solutions Wo, ei6i and respectively 6*0, eiwi of ([7]) and ([8]) has as influence the algebraic 
transformations of solutions of ([221) respectively as follows: 



3.3. Real deformations of (the imaginary region of) the real elliptic paraboloid. 

3.4. Imaginary deformations of (the imaginary region of) the real elliptic paraboloid. 

3.5. Real deformations of (the imaginary region of) the real hyperboloid with one 
sheet. 

Consider the general confocal real hyperboloids with one sheet in an isothermic-conjugate parametriza- 
tion invariant under the Ivory affinity between confocal quadrics 

Xz — Xz{a, (3) :~ [y^ai — z cos /3 sec a \/ai~ z sin fi sec a \/—az + ztana]^, ai > 02 > 2, > 03, 

with linear element, second fundamental form and Christoffel symbols of xq 

IdxoP = ai((i(cos/3secQ;))^ -I- a2((i(sin/3seca))^ — a3((itana)^; 



N^d^XQ = 



cos avH 



H a^^ cos^ (3 + sin^ P — a^^ sin^ a; 



-rL = r}i - 2tana = (logVi/)a, -r^^ = = (log/ff)^, Tl^ = tana, r}^ = 0. 



We also have a distinguished tangent vector field Vo := ((log V^^)q +tanQ;)a;oQ — {logV H)[}Xof3; it 
has the properties 

dxoa — Voda — NodN^ XQa — tanadxo, 
(25) da;o/3 = — Voc?/3 — NgdN^xop + ta.na{xo0da + xoad(3). 

Given a real deformation a; C M'^ of a real region C xq there exists a conjugate system {u, v) common 
to both xq and x (this is true for any two surfaces in a point- wise correspondence) . Denote with ~ 
the quantities of interest in the GCMP equations (namely the Christoffel symbols and the second 
fundamental form) of xq referred to the {u, v) coordinates and similarly with ~ those of x. We have 
a„a„ — PuPv = and from the Gaufi equation (a^ — P'^){a1 — (3^) < 0; assume — (3^^ > 0. With 

sgii{l3v)\/Py - al we have hn = — ^-r^, /ii2 = 0, /i22 = 



From the general formula for the change of Christoffel symbols ff?r^^ 



cos a\/~H ' 

du' 

b 



are interested only 

fl2/3„+ff2/3„,S0f}2 = (l0g 



^2 L 

a u 



cos Qt\fH 



A 

cos a > 



+ 2 tan aofuCk^ — T^ja^ + Tf2<3v, (3uv + tanQ;(a„/3t, + a^Pu) 



J- 12 



(log j;^^)u- From the CMP equations of xq, x we have 



rii/i22, {hii)v — r}2^ii — 

(^22)11 = r^2^22 — 1^22/111, (/l22)« = f^2^22 



n2 



r22 'ill- 



Keeping account of the GauB equation ft.11ft.22 = ^11^22 one can multiply the first equations respec- 
tively with ftii, ft.22 (and the second equations respectively with /122, ftii), subtract them and get rid 
respectively of the f2^, fi2 terms: {\og{hl^-hl^))y = 2(log^)„, (log(ft^2-^22))« = 2(log^)„. 
Thus h\i — h\i = 4>{u) \ , — ft.22 = (jo(i') ^2 ; after a change of the u and w variables one 



"ii 



■ei; 



can absorb (/'(u), (^(u) up to opposite signs ei := ±1: ft^j^ 

^2 I _ 

^ cos^ a cos^ u ^ /:z ^ ^ 

Gaui3 equation ftiift22 = ^11^22 we get = — ei/i^-f eiA^; we can choose ei := —1. Thus the second 
fundamental form of x is '^^('^" ) a,nd we are led to consider the hyperbolic angle 9 between 



,,-rci — J— — — 3— (^-f-ei) (again from the Gauf5 equation we have |ii4 = tt^)- Now from the 



the conjugate systems (q!,/3) and {u,v), that is 



AC /^S 
AS ^C 



cosh 6*, S := sinh 



(note that by doing this the sign of 9 will be decided by that of /3„). Imposing the compatibility 
conditions (AC)^, = (^S).^, (AS)^, — {fiC)u we get ^„ = X9v, A„ = ^9^; differentiating H ^ fi^ — 
with respect to u, respectively v we are led to consider the differential system in a, (3, A, /i: 

CAdu -t- Sfidv 
SXdu + Cfidv 
[—^HaC — ^Hf^S + iJ,9y]du + ix9udv 
\9^du + [ii/aS + + \9u]dv 

with the modified hyperbolic sinh-Gordon equation 



(26) 



a 




P 




A 









A^ 



H 



(27) 



as the compatibility condition. As opposed to the case of paraboloids, where H was quadratic, ([?/)) 
has the inconvenience of depending on a, (3 and the dependence of a, /? on (u, w) being undetermined, 
so further manipulation is required to obtain an equation depending on 9 only (it will be a third 
or fourth order differential equation), but it is not our interest to do that now; note also that its B 
transformation will reveal itself later. 

Note that if we assume that the common conjugate system on a:;o, x is isothermic-conjugate on x 
(Darboux) , then from the Gaul3 equations we obtain immediately that the second fundamental form 
of X is 



^^cosaj^ ^ ' everything else except A„, H — ^'^ — X'^ follows immediately as previously. 
The remaining needed information follows immediately from the CMP equations of x: we have 



r}2 = (log^)., n 



22 



^(logVF)„, fl, = A( 
12 



A^ 



(logVi?)„, r22 = ilog^)u and 



(log- 



= ), = ri2 + r^i, (log ,J^^ )u = rfa+r^a respectively become m„ = ^^^{\ogVH)y + 



^ —A 



{log \/ H)u + fJ-Oy, SO dlog ^^-p — = 0; by a same homothety in the (u, v) variables 
we and a choice of sign we can assume ^L— — — i 

Next we derive the algebraic computations of the tangency configuration (TC) and of the B 
transformation. 
Note 

Xza^'^a + ^zpx'^/s + scc^ ax^x'^ = scc^ adiag[ai — z 02 — z 03 — 2]. 



(28) 



Nq :— ~'2dz\z=QXz the relation 



Consider two points Xq, Xq ^ xq; with Vq :~ x\ 
(29) (-xL, (xL, )^ + 4/3, (4ft )^)iV° = - sec^ ai (^o^ )^4° + {V,^ + ziY")] 

follows immediately from 

Consider now the symmetric TC (K)^)^iV^ = (^1°)^/^,} = 0. Multiplying ^ on the left 
respectively with (Nq)'^ , {Vq x Nq)'^ we get two algebraic consequences of the TC: 



012 



-zsec ai 



\dx'o\ 



(30) 



(4a, - 4ft )^ (^3 - 27V0(iV0)^)[(4„^ + xl^J X F„l] = 



Note that Xza i Xzp are rulings on a;^ and thus their length is preserved under the Ivory affinity. 
With (i?J,tj!j) being the rigid motion provided by the Ivory affinity (RMPIA) such that 



^0 ^1 



^0f3, ] we have Xq 



Oai 



'-Oft 



('7?! i^^l^O T-1 T-O — T-0 T-1 — t1 1 — [t-0 t-1 tO 
{-'^0^ ''OjIXq Xz ■^Oqo Oft •''zQi •''z/3iJ ~ [•''z •''0 '''z 

Rq{I3 — 2Nq{Nq)'^ ){x\^_^ +^z/3i ) since by changing the ruling family on x\ the action of the RMPIA 
on T^aXf) does not change. 

Multiplying on the left with _Rq and using (|5D|) we obtain 

(31) 4 =a;[J + cos2ao(-a;0„„(4ao)^ + ^oft(4ft)'')^o, 1. 
Differentiating the relation {V^)'^ = we obtain 

(32) {dx^fNl = -{xD^dNl = ^{N^fdxl 

Now Bianchi's main theorem on the deformation of quadrics (the existence and inversion of the 
Backlund transformation and the ACPIA) states (in our case) that the TC coupled with 

(33) x'^x' + cos'aoi-xl^ixl^y + xlix%y)N^, \dx'\^ = \dxl\^ 

is a differential system in involution (completely integrable) given the seed deformation cc" C 
of Xq (that is |da;°p = Idxgp), that the 1-dimensional family of solutions (leaves) x^ is given 
by the integration of a Ricatti equation, that x° and x^ are the focal surfaces of a Weingarten 
congruence (congruence of lines on whose two focal surfaces the asymptotic directions correspond; 
since conjugate directions are harmonically conjugate to the asymptotic ones all conjugate systems 
correspond in this case) and that we have the symmetry 1. 

If(-Ro,to) C 03(R)kK3 is the rolling of 2:^ onx° (that is {Ro,to)ix'^,dx^) := {Rox^+to, Radx'^) = 
ix°,dx°)), N° := RoN^, then R^^dRoN^ = RQ^dN° - dN^^, R^^dx^ = dxl + R^^dRoVo^ = 
dxl + {VoYRo^dRQN^N° = {I3- NS{N°f)dxl- N°{dN°)^ {x^ - x°) and \dxl\^ = \dx^\^ becomes 
[(diVO)^(xi - xO)]2 = \dxl\' - \dxl\^ + [{N^.rdxl]^ = [{N^fixl^^da, + 4.,d/3l)]^ so 

(34) (dNYix' - x"") = ei{N°f{xlf,^dai + 4„^d/3i), ei := ±1 

.Sal r^-i 

(each choice of ei corresponds to a ruHng family). Using = ^^^^ (4^° , ([5^ . ([55]) 



9 








■_a_- 


ago 




Aq mo 




du 



_aft_ 




Ao flQ 




- dv - 



and ([M)) we get: 

A.o[Co(4.o)^ + M^%„r]N^ - ei[«ln(4ft)^ + /?1«(4.J^]^0^ 

Ao[Co(4ft)^ + So{x\r]N^ = ei[/?i.(4aj^ + a,Axl^J^]Nl 

13 



Consider the case z < 0. If these equations are / — IV and using (|30)) (here we use z < 0), 
then by considering P - IIP, IV^ -IP, I 11- III ■ IV we obtain af^ - /3^„ > 0, (3f^ - > 



0, aiuOiiv - PiuPiv = 0, so 



Because of the symmetry <-!■ 1 and 
Xxni{du -dv ) ^ {u,v) is also 



aiu ctiv ^ AiCi ^iSi 
Piu fiiv\ [AiSi /xiCi 

using /, // we obtain that the second fundamental form of is ™. 
isothermic-conjugate on and the B transformation preserves the orientation of (u, v) (for z > 
it changes it); from iP — IIP we obtain fif — = Hi and we have complete symmetry 1 
also at the level of the isothermic-conjugate system (m, u). Thus 
i^zaoVN^ = ei\/^secaosecai(CoAi + eiSo^i), 



With n 



-zsecQ!osecai(SoAi + eiCo/ii), Eq 







1 — za^ we have the TC ri cos /3o cos /3i + r2 sin /3o sin /3i 



cosao cosai + 



ra sinao sinai and the above become 

sinao cosai — cosao sinai = e[\/—z{CoXi + eiSo/ii), 



CqAi + eiSo/ii 
-(CiAo + eiSi^o) 
ri r2 



- ri sin /3o cos (ii + r2 cos /3o 


sin/5 


1 


sin ao cos ai 


_ -03 


1 






cos ao sinai 






1 




sin /3o cos /3i 




1 






cos /So sin /3i 
We have 




(^2" 







r2 n 



SqAi + eiCo/ii 
-(SiAo + eiCi^o) 



(CoAi + eiSoAii)« = (SoAi + eiCo^i)(6'oM + ^lOiv) — Co(|i?iaiCi + ^Hifj^Si), 
(CoAi + eiSo^i)t, — (SqAi + eiCo^i)(6'ow + ei^i«) + eiSo(ii7iQj Si + ^iJi^^Ci), 
(SqAi + eiCo^i)„ — (CqAi + eiSoA'i)(6'ojj + ei^Id) — So(^i?iQiCi + ^Hip^Si), 
(SoAi + eiCoAii)i, = (CqAi + eiSo^i)(6'ot, + ei6'i„) + eiCo(5i?iai Si + ^Hip^Ci) and the B trans- 
formation of ([?7|) in conjunction with solutions of (|26p reveals itself: 

^'om + eifi*!?) = "^^^f [(sinao sinai -I- cos ao cosai)SoCi — (ri sin /?o sin /3i -I- r2 cos/3o cos /3i)CoSi], 
%u + ei^'iit = [(sinao sinai + cos ao cos ai)CoSi — (ri sin/3o sin/3i -I- r2 cos /?o cos /3i)SoCi] 

3.6. Calapso's Backlund transformation for real quadrics of revolution. 

3.7. Darboux's integral formula for deformations of the real paraboloid of revolution. 



4. The solitons of quadrics 

In analogy to the situation for the link between the solitons of the sine-Gordon equation and 
the solitons of the pseudo-sphere (when the 0-soliton is the axis of the tractrix) we are interested 
in finding degenerate deformations of quadrics (that is the seed collapses to a curve or point) as 
0-solitons and then in finding explicit formulae of their B transforms. 

For real deformations of the real hyperbolic paraboloid from the differential system ([T2|) we have 
A = 0, a = a{v), (3 = /3(u), ^ = ^l{v), 9 = 9{v), a' = ^S, = fiC, -C^ + + ^iO' = 0, ^i' = 

S^ — C^, /^^ = — ^ + 1 and 6 will satisfy the (hyperbolic) pendulum equation 6" = SC. 

We have {9')^ — ^—^^^^^ the solution 6 is given in terms of elliptic functions v — e J --^^^^=, 
e — ±1. Then we take a solution of the second order ODE a" — 2(logS)'a' -I- — = and 



«2(|^a'-f^), /x:=i(C^-S^)andwehavea' = MS, (3' = ^iC, ^' = S^-C 



/3 



— + — = ct; this last constant can be normalized to 1 by a choice of constant in the initial value of 



2f(C2 



a. Note the ODE of a can be brought to the form (C^ + S-^ + c)^ 

the prime integral above mentioned to the form ^-^§7^ i^)'^ + jz^ i^^ir^ — ^ " 



ia 
de ~ 



and 

S ai / ai 
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The homogeneous part can be integrated by quadrature (^^^jf-^ will depend algebraically on C, S) 
and then by the standard variation of parameters argument one can solve this prime integral for 
a = a{e). 

Thus all quantities of interest can be found by explicit formulae; the only remaining question is 
if one can find explicit formulae for the B transforms of the solutions of the hyperbolic pendulum 
equation. 

Again a change from the v variable to the 9q variable is in order (6*1 = 6*1(1*, ^o)): 



fill — e -^j^ 1 ^ &i'-^o H ^ '-^iSo- 

The last equation is separable (we consider 6*0 = ct); by quadrature one can find the solution 
depending on a constant of u (function of ^o); in turn by replacing the result in the first equation 
one can find the function of up to a constant. 

Thus the 0-solitons will depend on two constants and each iteration of the B transformation will 
introduce two constants. 

For c — ±1 the elliptic function will degenerate to hyperbolic trigonometric ones and will turn 
out to be the 1-solitons of the hyperbolic sinh-Gordon equation with ct — 1; then one can apply 
directly the BPT to find 6*1. 

Also since we already know the 1-solitons of the hyperbolic sinh-Gordon equation from Peterson's 
deformations of quadrics, a space realization of solitons is possible in this particular case. 
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